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j^ ■ A non-linear sigma model effective lagrangian is analyzed for theories in 

which supersymmetry is softly broken at scales below the electroweak sym- 
metry breaking scale. Besides the gauge and matter supermultiplets, the low 
energy theory contains only three Goldstone chiral multiplets. The higgsino, 
gaugino as well as the charged and neutral Higgs bosons have (light) phe- 
nomenologically acceptable masses, the values of which depend on the explicit 
soft supersymmetry breaking parameters. In addition, the longitudinal vec- 
tor bosons become strongly interacting at high energies {Mz <^ -E -C 47rf). 
The equivalence theorem is exploited in order to obtain their scattering am- 
plitudes. Furthermore, supersymmetry results in enhanced longitudinal vec- 
tor boson production of Higgs bosons. 



1 Introduction 

The ininimal supersyininetric standard model (MSSM) [l[][0|0| compactly 
solves the naturalness as well as the technical fine-tuning problems. The 
electroweak symmetry breaking is catalyzed by the soft (no quadratic diver- 
gence) supersymmetry (SUSY) breaking terms arising from the hidden su- 
pergravity sector. As a consequence, the Higgs sector self-couplings are given 
by the electroweak gauge coupling constants. Hence, the model remains per- 
turbative up to the Planck scale. Generalizations of the MSSM, whether 
motivated from string inspired grand unified theories or from attempts to 
solve the /i— problem, involve additional electroweak matter multiplets. In 
particular, the new multiplets mix with the two Higgs superfields of the 
MSSM so as to alter the mass spectrum. The paradigm for such a process is 
the minimal plus singlet supersymmetric standard model, (M+1)SSM @][§]. 
The tree level upper bound of the lightest neutral scalar is raised from Mz 
to a bound that depends on the singlet-doublet Higgs interaction strength, 
(yf, and the ratio of Higgs doublet vacuum expectation values, tan/3 = ^^ 



vt ' 



Ml = Ml[ cos^ 2/3 + ^^ ^ sin^ 2(3 



In this case, as in the MSSM , the internal symmetries are to remain per- 
turbatively natural up to the GUT scale. The coupling constant g has an 
infrared quasi-fixed point value of approximately 0.87 0, which leads to a 
lightest Higgs mass upper bound of around 120 GeV M 



||10||11|[12 



More complex extensions of the MSSM follow patterns similar to that 
of the (M+1)SSM ||13|[0]. Detailed parameterizations of the mass spectrum 



and the soft SUSY breaking parameter values have been addressed in numer- 
ous studies. In all cases the parameter space is investigated that provides a 



SUSY breaking scale above that of the electroweak scale and, more specif- 
ically, a perturbative mechanism for electroweak symmetry breaking that 
remains such up to GUT scales. In the MSSM there is no alternative, it is 
a prescribed part of the model. In the (M+1)SSM, it is the raison d'etre for 
the SUSY model, but as such, a matter of choice. In this paper we desire to 
study the situation in which SUSY remains unbroken at energies below the 
electroweak symmetry breaking scale, A = Attv, with v ~ 250 GeV. Since, in 
the broken symmetry phase, only the partners of the electroweak Goldstone 
bosons need be light, we will be considering the heavy mass (triviality) limit 
for the remaining particles. The low energy effective theory consequently 
contains fewer SUSY multiplets of particles than the perturbative MSSM. 
In the (M+1)SSM, this means that the entire singlet as well as the heavy 
neutral Higgs, the pseudoscalar and their fermion partner become more mas- 
sive than A. Without soft SUSY breaking the partners to the Goldstone 
bosons, that is the remaining light neutral Higgs and the two charged Higgs 
particles, are degenerate in mass with the Z^ and the W^, respectively, as 
are their fermionic partners according to the SUSY Higgs mechanism. With 
soft SUSY breaking, the light neutral Higgs field can acquire a mass higher 
than Mz and the charged Higgs fields a mass higher than M^y. The fermion 
partners along with the corresponding gauginos, however, will acquire masses 
half of which are lower and half of which are higher than that of the gauge 
bosons. 

Of course, in lowest order, the low energy dynamics described above is 
independent of the particular short distance physics that gives rise to it, be it 
a strongly interacting (M+1)SSM or some complicated dynamical symmetry 
breaking scheme, as long as SUSY is softly broken at scales Msusy < A. 



Hence, the corresponding effective (softly broken) supersymmetric action is 
the same, regardless of the mechanism for electroweak symmetry breaking. 
Thus the characteristic mass spectrum for every such SUSY model will have, 
besides massless Goldstone bosons, neutral and charged Higgs particles with 
masses below A = Anv. In addition there will be neutral and charged fermion 
partners with some masses in the Mz or Mw to A range and an equal number 
with masses in the to Mz or Mw range, respectively. The exact values, as 
will be seen, depend on the explicit values of the SUSY breaking parameters. 
In the non-supersymmetric case, recall that the heavy Higgs limit of the 
standard model can be described by the strong Higgs self-coupling limit of 
the scalar fields. Indeed, the scalar sector of the standard model can be 
parameterized by the unitary 2x2 matrix 



/ 



U = 



U 



V 






h+ 



:i.ii 



with 



the usual Higgs doublet field and 







-h' 



:i.2) 



:i.3) 



its hypercharge conjugate doublet. The scalar sector of the standard model 
has the gauge invariant Lagrangian 



£ = -Tr 

4 



D^U^D^U 



ill. 

2 



U^U 



:i.4) 



with the gauge covariant derivative 

D^U = d,U + tg^W^ ■ fU - igiB^UT\ (1.5) 

where T = |ct and a are the Pauh matrices. The strong couphng hmit, 
A = \{K/vY ^ 1, leads to the constraint on the scalar fields iTr[t/"l't/] = f^ 
with the interpretation that only the Goldstone bosons remain in the theory 
at energies below the electroweak symmetry breaking scale A = 47rf and 
the gauge symmetry transformations are realized non-linearly. Radiative 
corrections to this tree effective lagrangian can be included by considering 



Tr 



D^.WD^'U 



to be the lowest order term in a derivative expansion of the 
effective lagrangian for momenta below A. In references |T^-[T^ detailed 
lists of all dimension four through six operators are given, including the low- 



T^D^WDf^U 



whose 



est order custodial SU{2) symmetry violating term Tr 

coefficient describes the contributions of the gauge radiative corrections to 

Ap, as well as the new physics above A. 

The resulting derivatively coupled non-linear cr-model effective lagrangian 
describes strongly self-interacting Goldstone bosons at high energy. Accord- 
ing to the equivalence theorem |19| ||2^ 0] [^ , the scattering amplitudes 



involving longitudinally polarized gauge bosons are equivalent, up to cor- 
rections of 0{^^), to the amplitudes with the longitudinal gauge bosons, 
W^, Zl replaced by the corresponding Goldstone bosons, ly^, z, at high 
energies 

T(iy^,...,Zi,...)=T(^,...,z,...) + 0(^). (1.6) 

Hence, these tree longitudinal gauge boson scattering amplitudes at high 
energy can be read off directly from the non-linear Goldstone boson la- 
grangian. In the notation of an invariant length interval in the symmetric 



space SU{2) x SU{2)/SU{2) ^[^, the lagrangian is 

^ = l^,7T'9^A^)^^^'^ (1-7) 

with the choice of coordinates U = crl + 2iT ■ if and with the constraint 
iTr[f/"^t/] = detU = v"^ yielding a = \Jv'^ — vr^ (i.e. h^ = a — in^ and 
h^ = z(7r^ — ivr^)) . This yields the metric for this parametrization of U: 
9ij ~ ^ij + vr*7r-'/(f^ — TT^). When expanded in a power series in n^/v, the 
enhanced longitudinal gauge boson scattering amplitudes at high energy, 
E ^ Mw, are simply obtained [p2| p5 



T{W+Wl^ZlZl) - i' 



y2 

U 

TiWtWE -^WtWl) ^ -1-, (1.8) 

V 

while 

T{ZlZl -^ ZlZl) ^ 0. (1.9) 

The remaining longitudinal gauge boson amplitudes can be obtained by cross- 
ing symmetry, for example 

T{WtZL -^ W^Zl) c^ i\. (1.10) 

V 

Hence, we are led to the optimistic alternatives of a light (perturbative) Higgs 
boson (M/i < A) being observed directly, or, if heavy (M^, > A), the enhanced 
scattering of longitudinal gauge bosons. 

Analogously, the Kahler potential describing the non-linear realization 
of the supersymmetric SU{2) x f/(l) electroweak gauge symmetry can be 
written in terms of the two Higgs doublet chiral superfields (recall that a 
and n are chiral superfields here) 



and 



Hj 



m 



a — ivr" 






m 



grouped to form the matrix chiral superfield U 



U 



al + 2iT-n 

I \ 

[Ht) (Hb) 



V 



/ 






a + i-n 



iiix^ — m"^) 



_i{'K^ + ivr^) (J — in^ 



The matrix is constrained, 



det U = Ht^Hb = (t^ + vf^ = -vtVb = -v"^ sin 2/3, 
so that a non-hnear reahzation of SU{2) x f/(l) is induced on vr 

U' = LUR-\ 



:i.ii) 



;i.i2) 



;i.i3) 



:i.i4) 



(1.15) 



with L = e^'^'^ and i? = e*-^ ^^, where the chiral superfields A (Ay) parame- 
terize the SU{2) (f/(l)) gauge transformations. The gauge invariant Kahler 
potential is made from powers of the two independent SU{2) x f/(l) gauge 



invariant superfields ||22| 



X 
Y 



Tr 
Tr 



rpZ jj^-2g2f-W jj ^2giT»Y 



:i.i6) 
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where W and Y are the SU{2) and U{1) gauge fields, respectively. Hence 
the most general Kahler potential is given by 

oo 
K= J2 K^mnX^Y\ (1.17) 

m,,n=0 

which yields the lowest order terms in a derivative expansion of the action, 
r = / dVK. Note that F = / dV X is the simplest such action. As well it 
has the form of the MSSM Higgs fields' kinetic energy and so preserves p = 1 
at the tree level. Indeed, Y will involve violations of p = 1, as can be seen 
most easily in the unitary gauge (here vt = vb and SUSY is unbroken in 
order of simplify, inessentially, the algebra) 

„.2 



X 



Unitary 



l + glW^W- + ^{gl + gl)Z^ 



Y\unitary = -v'^gl + glZ. (1.18) 

So, for instance, the Y^ term in K yields a non-trivial Ap: Ap ~ Kq2- 

In section 2 we will describe the non-linear sigma model effective action 
for supersymmetric electroweak symmetry breaking. The mass spectrum in 
the SUSY Higgs and gaugino sector is fully determined in terms of the soft 
SUSY breaking parameters and Mz and My/- At the tree level the gauge field 
and (s)matter sector masses are as in the MSSM. In section 3 the equivalence 
theorem relating the scattering amplitudes for longitudinal vector bosons to 
the corresponding Goldstone boson amplitudes is exploited. Although the 
presence of light Higgs fields is possible, the longitudinal Goldstone bosons 
are still strongly interacting [^|. The tree amplitudes for longitudinal W^ 
and Z^ scattering are shown to grow with energy: 

s 



T{W^Wl — > ZlZl) ~ i sin^ 2/5 



2 



V 

11 

TiWtWT — ^WtW7) - -ism^2(3—, (1.19) 

V 



while 

T{ZlZl -^ ZlZl) ~ 0. (1.20) 

Since SUSY is broken at comparable scales, it is found that the scattering of 
longitudinal gauge bosons into neutral and charged Higgs bosons is similarly 
enhanced. In fact, the scattering amplitude for longitudinal Z^ bosons to 
produce light Higgs bosons, Zl Zl — > h h, is the dominant mode to neutrals 
since, for s > M|, the amplitude for Zl Zl — ^ Zl Zl vanishes, as noted, 
while the Higgs production amplitudes grow with s 

T(ZlZl — > hh) ~ -i sin^ 2/3 ^ 

V 

T{W^WE — >hh) ~ -ism^2f3^. (1.21) 

The appendices recall some facts about non-linear realizations of gauge 
symmetries in supersymmetric theories. In appendix A the heavy Higgs limit 
of the (M+1)SSM is shown to lead to the supersymmetric non-linear sigma 
model with a chiral Goldstone superfield for each broken generator. The 
explicit form of the component field non-linear sigma model lagrangian is 
derived in appendix B. The Killing vectors in different coordinate systems 
for the SU{2) x f/(l)/[/(l) Kahler manifold are discussed in appendix C 



2 The Effective Action 

The Kahler manifold describing the non-hnear reahzation of spontaneously 
broken electroweak symmetry breaking in supersymmetric theories has the 
chiral superfield coordinates vr' , i = 1,2,3. (We will deal with the completely 
doubled realization |28| of the electroweak gauge symmetry; see reference ^9 



for a discussion of the possibility of a minimal realization with non-trivial 
fixed points.) As suggested in the introduction, a specific coordinate sys- 
tem can be chosen by taking the heavy Higgs limit of the (M+1)SSM (see 
appendix A), although all the low energy physics is re-parameterization in- 
variant and so it does not depend on this specific choice. Hence, we introduce 
the Goldstone chiral supermultiplets 



Hn = 






"^^ ^H-)-[ i.- I- <^-^' 



with 



± 1 -^ ■ 2 

TT = TT =1= ZTT 



a = -1 / -fTf_B — vr^ = t>W- sin 2/3 — vf^/f^, (2.2) 



where the vacuum values of the supermultiplets are given by 

1 (vt 




<Hb> 



<Hr> - ^f I (2.3) 
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and the ratio of vacuum values defines the angle /? through tan/5 = vb/vt 
and the electroweak vacuum value f ^ = v'^ + vjj. The electroweak gauge 
transformations have the usual form for the chiral superfields 

H't = e-^^^e'^-^Hr. (2.4) 

Due to the above constraint, H^eHB = cr^ + tt^ = ^vtVb, this is actually 
a non-linear realization on the Goldstone superfields vr*. The SU{2) gauge 
fields, W ,i = 1,2,3, and the U{1) gauge field ,Y, transform as 

^-9^Y' ^ giAyg-9iyg-fAy_ ^2.5) 

The remaining quark and lepton matter superfields transform as in the 
MSSM, see appendix B. Defining the combination of electroweak gauge fields 

Vb = ^giY + g2f-W 

Vt = -^giY + g,f-W, (2.6) 

the fundamental gauge invariant Goldstone superfield terms are given by 
[Hb^'^^^Hb] and (HTe'^^^HT). The remaining matter field kinetic energy 
and Yukawa terms are as in the MSSM and so are relegated to Appendix B. 
The simplest lowest order Goldstone superfield effective action, F = 
/ dVK, is given by the Kahler potential 

K = Htc-'^^'^Ht + Hse-'^^'^HB. (2.7) 



The most general soft SUSY breaking terms ||3^ (soft in that only logarith- 
mic corrections in the momentum A occur) are the p = 1 preserving, 9 9 

11 



independent terms from K and the 9 9 independent, Ap producing terms 
from (Htc'^^'^Ht — Hbg^^^'^Hb)- Hence the gauge invariant Goldstone su- 
perfield action can be written as 



To = I dV [1 + a9^9^]K 



+ / dVh9'9' Htc^'^^H' 



-2Vt 



HBe-^^'^HB 



(2i 



with a and h the only SUSY breaking parameters in the pure Goldstone sec- 
tor. When the gaugino soft SUSY breaking mass terms and the Yang-Mills 
auxiliary field terms are included, the vacuum and the Goldstone bosons', 
electroweak gauge bosons' and their superpartners' mass spectra can be de- 
termined. In components the superfield Kahler potential action, including 
the gaugino mass lagrangian. Cm-, and Yang-Mills auxiliary Dx field and 
Db field lagrangian terms, C-ymd-, reduces to the usual Kahler form of the 
Higgs SUSY Lagrangian (see Appendix B): 



K 



d^xL 



K 



where 



with 



and 



L 



C 



GS 



C 



Gi 



c 



YMD 



+ C 



YMi 



(2.9) 

(2.10) 
(2.11) 

Cgs = {DxAT)^[D^AT)+iiJ^iJT + FlFT 

-A^^DtAt + V2 I^XtAt + AI^Xt^Jt] + {T — > B) . (2.12) 



Tg= dx{CGs + C.Q 



The generic chiral superfield in components is given by 



E 



A - i^pi9'^i)^ + 9'^F 



(2.13) 
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where the complex first component has the general real pseudoscalar field, 
P, and real scalar field, S, structure A = P — iS. The soft SUSY breaking 
terms for the Goldstone multiplets from equation ( p.8|) define jC i, and are 
simply given by the component field lagrangian 

jC^^ = {a + b)AlAT + {a- b)A^sAB. (2.14) 

The auxiliary gauge field and the gaugino soft SUSY breaking terms from 
the Yang-Mills sector are also considered in the calculation of the vacuum 
state and Goldstone and gauge supermultiplet masses. The corresponding 
Lagrangian for the auxiliary fields is 

^YMD = ~7:D\y ■ Dw — -Dy, (2.15) 

while the gaugino mass SUSY breaking terms are 

^YM^ = 2^W^W ■ V + -my Ay + h.C. 

= -{X^ \z)i ]{ J ]+mwK\-+ h.c.i2.16) 

^ \m^z mz J \Xz J 

The mass and electroweak gaugino eigenfields are related, as usual, via the 
weak mixing angle 6w with tanOw = 91/92 and charged fields X± = 75(^1 =F 
iAz) 

A^ = A3 sin 9w + Ay cos 9\y 

Az = A3Cos6'iy — Ay sin6';y, (2-17) 

so that the soft SUSY breaking gaugino masses are related by 

fhz = (rhw cos^ 6w + "my sin^ 6w 
rh^z = - {rhw — my) sin 29w- (2.18) 
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The masses of the Goldstone-Higgs boson and gaugino-higgsino sectors 
can be determined from above. Ehminating the constrained fields and shift- 
ing the Higgs fields by their vacuum expectation values, the kinetic energy 
terms for the neutral Higgs and higgsino fields acquire a finite wavefunction 
renormalization factor (see Appendix B). Rescaling the ip^ field by this factor, 

1 



-03 



1 + sin 2p ^3 



(2.19) 



the neutral fermion mass matrix in the {Xz, 'ips, A^) basis becomes 

f rhz Mz rh^z \ 



M 



M, 



V 








/ 




, m^z u fh^ 

while the charged fermion mass matrix in the complex basis (A+, ip^) is 

/ fhw Mwy/2cosf3\ 

\Mw^^inl3 / 

The gauge boson masses are found to be given by their usual form 



(2.20) 



(2.21) 



Mw 

Mz 



\g2v 



i^^gl + glv. 



(2.22) 



The neutralino matrix is Hermitian and can be diagonalized directly. 
For simplicity we choose fh^z = 0, implying that rhw = my and hence 
rhz = i^w = ""^75 the photino mass, M^, is simply given by the breaking 
term M^ = m^. The squares of the zino mass, Mz, and the higgsino mass. 



Mh are 



Ml 



Ml 



Ml 



Ml 



1 m% 
1 H — 

2 Ml 



A 



Ml 
1+4^ + 1 



1- 



1 m 



™2 



2 Ml 



y 



Ml 
1 + 4^-1 



(2.23) 
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Figure 1: The neutralino masses as a function of the photino mass. 



The product of these neutrahno masses yields the relation 



MhMz = Ml. 



(2.24) 



As seen above, Mz > Mz while Mh < Mz- This places an upper bound 
phenomenological restriction on the photino mass, M^, since Mh cannot be 
too small. These masses are plotted in Figure 1 as a function of the photino 
mass. 



Multiplying the chargino mass matrix by its Hermitian conjugate, /i 



r.2 



ch 



Ml^Mch, the squared mass matrix is determined 

' ml, + 2M^ sin^ (3 V2mwMw cos f3\ 
, V2mwMw cos p 2M^cos'^P )' 

The charged fermion squared mass eigenvalues are found to be 



~2 
H'ch 



M? 



w± 



M? 



h± 



K 



M^ 



Im^ 



2M^ 



1 + 4^ + 4— 



(2.25) 




.(2.26) 
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Figure 2: The chargino masses as a function of the photino mass for various 
values of 13. 

The product of these chargino masses yields the relation 

Mw±Mh± = M^ sin 2(3. (2.27) 

Thus, one chargino mass is greater than M^ while the other is less than 
M]y. For small sin 2/3 (i.e., P close to or |), the charged higgsino mass 
becomes unacceptably small. This results in phenomenological restrictions 
on the values of f3. The chargino masses are plotted in Figure 2 as a function 
of the photino mass for various values of f3. 

The Goldstone scalar fields' effective potential is given by 



Vg = -^DI-^-Dw-Dw-D^Ja 



-Dl - -. 
2^2 

+ (a + h)A\,AT + (a - 6)A^Ab, (2.28) 



where we have included the soft SUSY breaking terms a and h and have 
trivially eliminated the auxiliary fields, F*, by means of their equations of 
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motion. Recall that the first component of the Goldstone field gauge current 



[pT|] is given by equation (|B.35|) 



Ja = A^tTtAt + A^bTb^b- (2.29) 

From Appendix B, this becomes 

Vg = l9l{A},T^AT-AiTABy + lgf{AJ,AT-AiABy 
+{a + b)AlAT + (a - &)A^Aij 

= ^-^^ (aUt -AUsf + '-l (aUb) ' 

+ {a + b)AlAT + {a- h)A^BAB. (2.30) 

Expanding about the vacuum values 

1 (vt\ 

^"^^ - 7l(o) 

--"^^ - 71 (I) • <'■''' 

or in terms of the doublet and SUSY component fields' vacuum values 

< A^ > = a 

<A^> = -ir], (2.32) 

where the vacuum values a and r] are related to vt and vb by 



(2.33) 



M^ = a + bsec2(3, (2.34) 
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= a + r] -- 
= a — 1] - 


= —;=VCOs3 

V2 
= ^.sm/?, 




minimum 


of the effective 


potential is 

1 ,o 


found to 


occur 


at 



which relates the soft SUSY breaking parameters a and h to the Z mass and 
the angle (3. Note that 6 = for /5 = ^ {vt = vb), and is non-zero for 
unequal values of vt and vb, that is when < A'^ >= —irj ^ 0. 

The scalar field mass matrix decouples into a charged scalar field and 
a neutral scalar field matrix. In the complex charged electroweak basis, 
A_ = (A^"^ — iA"^"^), A+ = (A^ — iA"^), the Hermitian mass matrix is 

/ , X / sin2/5 -isin2/5\ 

This can be diagonalized by introducing the Goldstone boson fields 






(a1 cos [3 + A+ sin , 

(^A^cosP + Alsinp), (2.36) 



which are massless (in the Stueckelberg gauge or have mass M^ in the 
Feynman-R^ gauge) and the charged Higgs fields (SUSY partners to the 
charged Goldstone bosons w±) 



/i+ = M+ cos /9 — AL sin , 

h_ = (AlcosP-A_smp), (2.37) 



with mass squared 

M^i =M^ + 2a. (2.38) 

Note that M|± > requires that a > — |M^. Further, the phenomenological 
lower bound for M/j± implies a lower bound for a. The charged Higgs mass 
is plotted in Figure 3 as a function of J\a\ for positive and negative values 
of a. 



Figure 3: The charged Higgs mass as a function of the soft SUSY breaking 
parameter, (±)|a|2, the + denoting positive values of a and the — denoting 
negative values of a. 

These fields can be grouped to make manifest the rotational nature of 
their linear combinations 

/ W- \ ( cos /3 sin /3 \ / A_ \ 



/i_ / \ — sin /9 cos fi ) \A 



(2.39) 



and its Hermitian conjugate relation 



, / cos 3 — sin /3 \ 

(^+ K) = {Al aM / ; . (2.40) 

V sm p cos p / 

The neutral scalar field mass matrix in the /I3, A3 basis is 

1 , f M| - 2asin22/?) /I -1\ 

£m2 = ^^ --l . (2.41) 

2 l + sin2/3 \-i I J ^ ^ 

Recall that we must rescale the neutral fields by a finite wavefunction renor- 
malization factor. This follows from the form of the Kahler metric in the 
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Figure 4: The neutral Higgs mass as a function of the charged Higgs mass 
for various values of 13. 



vacuum 



9ij\Aa^ 



,A3=h 



26,, + '^6f6^ 



Hj 



26ij 



l+sm2/3 





for i,j = 1,2 

for i = j = 3 

otherwise 



Introducing the renormalized neutral Goldstone boson field 



V l + sin2/? 
and the renormalized neutral Higgs field (SUSY partner to the z) 



h 



^3 _ ^3t 



(2.42) 



(2.43) 



(2.44) 



V 1 + sin 2/3 

the matrix is diagonalized with z massless (in the Stueckelberg gauge or 
having mass Mz in the Feynman-R^ gauge) and h having mass squared 

Ml = Ml + 2asin22/3. (2.45) 
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Note that M^ > requires that asin 2/3 > —^M^, which is always satis- 
fied for a > — |M^. Using these masses, the minimum condition for the 
potential, equation (|2.34|) , can be written as 



^(M|-M^ + M2±)=6sec2/3, 



(2.46) 



while the neutral Higgs mass squared, equation (|2.45| ), is given by 

M^ = Ml + (mI^ - M^) sin^2(3. (2.47) 

Note that if M^ < M^, then M/j± < M^y and vice versa. Finally, using 
equation ( |2.27|) for the chargino masses, the neutral Higgs mass equation 



(|2.47|) becomes 



{Ml - Ml) M^ = [mI^ - Ml) Ml^Ml^. 



(2.48) 



The neutral Higgs mass is plotted in Figure 4 as a function of the charged 
Higgs mass for various values of j3. 
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3 Longitudinal Vector Boson Scattering 

The equivalence theorem provides a simple means to calculate the high en- 
ergy scattering amplitudes for the longitudinal gauge bosons W^^ , Zl. They 
are equal to the same amplitudes with the longitudinal vector bosons re- 
placed by their corresponding Goldstone fields, Wj^ — > w±, Zl -^ z. Since 
the Goldstone bosons are derivatively coupled to each other, the dominant 
contributions to their high energy, E ^ Mz, scattering amplitudes can be 
obtained from the kinetic energy terms in their Kahler lagrangian 

C = dxA'^g-,JA)d'A^, (3.1) 



with the metric 



dAl dA, 




(3.2) 
A^ ' 

In the tree approximation, the dominant contributions arise from direct 

quartic field terms and from one particle exchange graphs made of trilinear 

field terms. Hence, the metric must be expanded about the vacuum values, 

recall < A^ >= —ir] = -^{vt — vb), through second order in the fields. 

Writing the complex fields A^ in terms of their shifted real components P*, S^ 

as 

A' = P'- iS' - ir]6l (3.3) 

we find through bilinear in fields 
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+^ 



a^ 



2i7]^ 



a'" 
a 



p2 + p^ - sf - S. 



i _ pigj^ 










P' + tS')' 


s' 








/ 
1+1- 

v 




1- 

V 




r.2 
•^3 



(3.4) 



Recall r] = -^(vt-Vb) = -^{cosiS-smjS) and a = -ig(t>j. + t>B) = ;^(cos/5+ 
sin/5) so that 

8r/2 = t;2(l-sin2/3) 

8or2 ^ t;2(i + sin2/?). (3.5) 

The charged Goldstone bosons, w±, and the physical charged Higgs bosons, 
h±, are given by linear combinations of the complex A^ fields as in equations 
(|2.36|) and ( p. 37] ). Hence, the charged component fields A± = P± — iS±, that 
is 

P- = 1{A^+Ai), S^ 

P+ = l{Al+A^), S^='-{a, 

are related to the mass eigenstate fields by 

P± 

S± 



- (A- - A\ 

2 V + 



A 



(3.6) 



- (cos P + sin P) w± + - (cos /? — sin P) h± 



=F- (cos/5 — sin/?) w± ± - (cos/? + sin/3) h±. 



(3.7) 



Moreover, in order to cast the kinetic terms of the neutral Goldstone boson 
and Higgs boson in their conventional form a finite wavefunction renormal- 
iztion is required: 



pS 



\- 



sin 2/3 
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s' 



1 /l + sin 2/5 



h. 



(3.8) 



2 V 2 

After some algebra, the Feynman rules can be gleaned from the Lagrangian. 
The various scattering amplitudes are calculated in the Stueckelberg gauge 
in which the Goldstone bosons are massless 



T{w~^w —>■ w^w ) 



w w 



T{zz 

T{zz — ^ zz) 



i 2sin^2/5 
1^ 1 + sin 2/3 



i 2sin2 2/3 
t^ 1 + sin 2(3 

i 2sin^2/3 
t^ 1 + sin 2(3 



s + t - cos\- + (3) { 

4 \ s — 



f 



Mi 



t-Ml 



s-cos\^ + (3)l-^ 



Ml 



9/71" ^, S 

s + t + u- cos^ - + (3) { 

4 \ s — 



Mi 



f 



+ 



u 



t-Mt u- Mi 



(3.9) 



Besides the enhancement of the pure Goldstone boson scattering processes 
at high energy, SUSY implies a similar enhancement for the Goldstone boson 
to Higgs boson production processes. The tree approximation leading contri- 
butions also follow from the second order expansion of the metric, equation 



(|3.4|) . After some algebra, the Higgs production amplitudes are secured 

i 2sm^2(3 



0/,0n 



T{zz -^ K'h 



v'^ 1 + sin 2(3 
it- 



,7r 



2s-cos^i- + (3) 



2Mi 



Mir 



(u- M, 



u 



2\2 



+ 6 



-Mi 

Mt • 
sin 2/3 



T{zz -^ h+h-) 



i 2sin2 2/3 
'v^l + sm2(3 



IT 



s -cos^(- + (3) 



s-Ml 
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T{w+w- -^ K'K') 



T{w+w- -^ h+h-) 



Tiw^w^ -^ h^h^] 



't^l + sin2/5 

i 2cos2 2/5 

" 1^1 + sin 2/5 

i 2sm^2(3 
't^l + sm2/? 

i 2 

't^l + sin2/3 

i 2cos2 2/? 
7^1 + sin 2/3 
4i cos2 2/3 



2,7r , ^, s-2M^^ 



^-cos(- + /5) .^_ 



,7r 



cos'(- + /3) 



M,^ 



+ 



Mt 



u-M^, t-M^^ 



^-^°^'(i+^Mi^ 



t-cos2(^ + /3){t} 
t - cos2(y + /5) 



t-Ml 



v^l + sin 2/3 
2is 



n 



t + u- cos\- + P) 



t' 



t — rrin 



+ 



u 



u — m. 



. 



± , uu±^ 



T{zw -^ hh 



+ - 



- 47 sin 2/5- 



mo 1 — sin 2/3 2ml sin 2/3 



+ 



,7r 



v^ l + sin2/3 t;2 l + sin2/3 



cos 



+ P). 

(3.10) 



For energies above the charged and neutral Higgs masses, as well as Mz, 
equation (|3.9| ) reduces to the scattering amplitudes for strongly interacting 
longitudinal gauge bosons 



(W^WE - 


W^WE) - -^sin^2/3 


TiZ^L ^ 


W+WE) ^ +^sin2 2/? 


T{ZlZl 


^ZlZl) ^ 0. 



(3.11) 

Furthermore, the enhanced Higgs boson production amplitudes from longi- 
tudinal vector boson scattering, equation ( |3.10| ), become 

2is 



Or,ON 



T{ZlZl -^ h'h 



sin^ 2/3, 
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, + A-^ ~ ^"^.^..2. 



T{WtWL ^h%^) ^ -4 sin' 2/5, 



y2 

%s vt 

V V 

2is 

V 

T{ZLWt -^hh^) ^ -4 sin 2/5. (3.12) 
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Appendix A The Heavy Higgs Limit 

The SUSY non-linear realization of the electroweak symmetry breakdown, 
SU{2) X f/(l) -^ U{1), can be obtained directly by considering the heavy 
Higgs limit of the (M+1)SSM. The Higgs sector is comprised of the two 
SU{2) doublet chiral superfields, with opposite weak hypercharge, Hb and 
Ht, and an additional singlet chiral superfield, N. The supersymmetric action 
for these fields is given by 

r = I (^[HbHb + HtHt + NN 

dS 



iN + KnN^ + j^N^ + liHrtHB - gNHrtHB 



+ h.c. 

(A.l) 



The superfield Euler-Lagrange equations are given by field derivatives of the 
superpotential so that 

DDN = C + mN+-N^ -gHreHB, 
DDHb = {i2-gN)HTe, 
DDHt = {i2-gN)eHB. (A.2) 

In the strong coupling limit, the superpotential derivative terms on the right 
hand sides above must vanish for a non-vanishing effective action. Hence we 
find the contraints 

mu 

N = = n < oo, 



9 

^,. \ ,,2 1 

2 , 



^ m^ A /i^ _ 1 

g g"^ ^gg"^ ~ 4: 



HreHB = - + ^ + -^ = -t;^ sin2/5 < oo. (A.3) 



The heavy singlet field becomes stationary at its vacuum value in the strong 
coupling limit fj., g ^ oo with n = ^^^ fixed. Likewise the chiral composite 
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field HxeHB becomes stationary at its vacuum value as, g -^ oo with at least 
one or all -, — , - fixed. This results in the heavy neutral scalar field, the 
pseudoscalar field and their heavy neutral fermion partner field in Hb and 
Ht to become heavy. This can be made clearer by introducing the cr-model 
notation of equation (^.11). Hence HxeHB = cr'^ + n^ = \vtVb, allowing the 



a superfield to be eliminated as in equation ( p.2|) , a = J^vbVt — vr^, from 



the action, inducing non-linear tt* self interactions from the cr-kinetic energy 
terms, as is familiar. 

Recalling the component field expansion for a and vr. 



a = e-''^' 



tt' = e-''?" 



A' - iV2e^' + e'^F'] . (A.4) 



The constraint equation ([A.3| ) can be expanded to yield the component field 
constraints 

Al + A^ = -vtVb, 
A„i)„ + A-^ = 0, 
A^F^ + A-F-^£-^tf-iJ = 0. (A.5) 

The heavy Higgs limit can be further clarified by considering the strong 
coupling limit of the component field action. In particular the mass matrix 
will yield a heavy mass for the singlet multiplet as well as for the a-multiplet, 
that is the heavier neutral scalar, the neutral pseudoscalar and their neutral 
fermion partner field combinations of the Hb and Ht doublets. The linear 
(T-model action is given by 

r = ld''x[dxA^Bd^AB + dxAJrd^AT + dxA^j^d^AN+ 

28 






2XA% 



+ {Ftv [451 Are Ab - 4^ - 4mAAf 

+ 4:{gAN - fJ.) [FreAB + AteFb - ipTeips] 

+ 2{m + \AN)i)%-4:gi)N[ATei)B+i^TeAB] + h.c)^Y (A.6) 

Note that the strong couphng hmit g,^ —^ 00 with - fixed yields the doublet 
fields' constraint equations ( |A.3| ) 



AreAs 

Axei/jB + ipT'^As 

FtcAb + AxeFs - i'T^i's 



9 




-VtVb 



(A.7) 



while X,m ^ 00 and -^ fixed yields the decoupled stationary massive singlet 



multiplet An = ^ = n, ipN = 0, F^ = 0. The resulting SUSY non-linear 
(T-niodel lagrangian is given by the kinetic energy terms of the constrained, 
equation ( |A.7|) , doublet fields 



C = dxAid^AB + dxAJrd^AT + -^IJBp^B + -iJTpiJT 
+FbFb + FrpF^. 



(A.8) 
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Appendix B The Kahler Potential 

The heavy Higgs hmit of the (M+1)SSM will give rise to the simplest form 
of the lowest order SUSY non-linear sigma model action. The (M+1)SSM 
action can be written as 



(M+1)SSM 



G 



'^M + TyM + r 



FI 



(B.l) 



above Tymi is the usual electroweak gauge field kinetic energy terms and 
soft SUSY breaking gaugino mass terms, along with the supersymmetric 
gauge fixing and Fadeev-Popov pieces. Vpi is a possible f/(l) hypercharge 
Fayet-IUiopoulous term, r^ is the gauge invariant supersymmetric quark and 
lepton superfield kinetic energy terms as well as their Yukawa-interactions 
along with their associated soft SUSY breaking terms. Likewise Tq are the 
Higgs doublet Hb, Ht and singlet N gauge invariant supersymmetric kinetic 
energy terms as well as the Hb, Ht, N superpotential terms and all the 
related soft SUSY breaking terms. Hence the Higgs field action terms are 
the gauge invariant version of those given in equation ( [A.l| ) 



+ 



dV 
dS 



-2V, 



2V„ 



ZBHBe-^''"BHB + ZrHTe-^^'^T Ht + Z^NN 



^N + -mN^ + -XN^ + fiHTeHB - gNHTeHB 



+ h.c. 



(B.2) 



The residual supergravity soft-SUSY breaking terms are included as 6, 9 
dependent wavefunction renormalization factors, Z^ = (1 + m'^6'^6'^), and 
coupling constants, g = g + dgO"^, fi = fi + a^O"^, etc., mimicking the constant 



graviton and gravitino coupling effects ||3^[0. The matter field terms can 
be similarly written. They do not involve the singlet field and are as in the 
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MSSM: 



M 



+ 



dV 



ZqQc^^^'^Q + ZtcT^c-^^tct^ + ZbcB^c'^^bcb 



c 



+ ZEcE'^e 



C'~2V, 



-.C 



E^E^ +ZLLe 



-2Vl 



dS 



^mn j-iC T a rja 



mn rjC /^a rja 



^mnrriC /^a rja 



„ran 7-1O r a zja , ^ran oo /^a rja , ^mnrpi^ r^a Tja 
9e ^m^n^B+ 9b ^m^n^B+ 9t J-nMn^T 



+ h.C. \ . 



(B.3) 



where as before the wavefunction renormahzation factors include the soft 
SUSY breaking masses, Z^ = (1 + m'^9^9^), and the couphng constants have 
the form g = g + ag9^. The vector gauge fields are defined as 



Vr 



Q 



Vj^C 



-g3G.--g2W.^--giY 



-g^G. 



A 



':giY 



'bo -- 


= +9sG.---g^Y 


'eC -- 


= -giY 


Vl -- 


= -g2W.^ + -giY 


Vb -- 


= +-giY + g2W-f 


Vt = 


= -IgiY + g^W-f, 



(B.4) 



with the f/(l) generators represented by the identity, the SU{2) generators 
given by the Pauh matrices, T* = y, i = 1,2,3, and the SU{3) generators 



represented by the Gell-Mann matrices, L" 



2 ' 



1,... 



The gauge invariant Yang-Mills terms have the structure 



-pznv 
^ YM 



dS^i:i[WW^]+ j dS^V'Y^ + h.c., (B.5) 
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with the field strenth spinors given as 



W 



DD 



^-2g2W.%jjcx^2g2W. 



(B.6) 



Y' 



DD 



^-2giY j^a^2giY 



2giDDD''Y. 



(B.7) 



The gaugino mass terms result from the soft SUSY breaking terms contained 
in the wavefunction normalization factors 



Zy 



-mw09 



1 + -myee ] . 



The Fayet-Iliopoulous hypercharge term is simply 



FI 



K / dVY. 



(B.8) 



(B.9) 



Since, after eliminating the auxiliary hypercharge field, Dy, this is equivalent 
to the soft SUSY breaking 6-terms in the Higgs action. Hence, we set k = 0, 
incorporating the possibility of a Fayet-Iliopoulous term in the 6-breaking 
terms. For a more detailed display of the MSSM and (M+1)SSM notation 
conventions used here see [p3[ P]. 

The strong coupling limit for the singlet and doublet Higgs fields results 
in the r(M+i)ssM becoming a constrained field action. Indeed, we have that, 
in analogy to the discussion in Appendix A, Tq becomes simply the kinetic 
energy terms for the constained doublet fields. 



Tg = j dV[ZH^HBe-^^"BHB + ZH^HTe-^''"THj 



(B.IO) 



where HTeHB = \vtVb and we can write the wavefunction renormalization 
factors as Z^^^ = 1 + (a — b)9^9'^, Zh^ = 1 + (a + h)6'^6'^. The superpotential 
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with the soft breaking terms and the singlet field kinetic energy terms are 
a constant or zero. The remaining action is as in the MSSM except for 
the Yukawa interaction terms. Since they involve the constrained field, new 
interactions with the Goldstone superfields will occur as the constrained fields 
are eliminated in favor of the Goldstone multiplet fields. The form of the 
(s)quark and (s)lepton mass terms will however be the same as in the MSSM 
since the form of the vacuum values of Hb and Ht are unchanged. 

Generally the Goldstone multiplet action can be written in terms of a 
gauge invariant extension of the Kahler potential K = K{7i, n) (see reference 
[pl[] for notation conventions). This can be accomplished most directly by 
simply implementing the constraints 



a 



-VtVb — Tl 



'1 .2 

-VtVb - vr . 



(B.ll) 



Hence the gauge invariant extension of the super Kahler potential including 
soft SUSY breaking terms is found to be 



K = ZH^HBe-^''"BHB + Zh^Htc-^^^tHt, 



[B.12) 



with 



H, 



Hi 



tn 



1 -'9 ■ 



jV^Vb — it + in 
iix^ 



(B.13) 



The Kahler structure can be further manifested by expanding the superfields 
in terms of their component fields as given in equations (|2.13| ). The full 
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action, Tk, (in the Wess-Zuniino gauge) including the Yang-Mills auxiliary 
field terms and the soft SUSY breaking gaugino mass terms becomes (see 
equations (|2JH2rT^ , ^14^161) ) Tk = Jd^xCx, with Ck given by 



C 



K 



Cn + C 



YMD 



+ c 



YMi 



where r^ = / dxCc and 



Cg = C 



GS 



c 



Gi 



(B.14) 



(B.15) 



Expanding in terms of component fields, the individual component field la- 
grangians are found to be 



C-GS 

^G^ 
^YMD 



(a + h)A^TAT + (a - 6)A^b^b 



'7^F>w ■ Dw 



-D 



Y 



L 



YMl 



-rhw^w ■ ^w + -""^yAy + h.c. 



{X, \z) 



m^ 



m^z 



. m^z mz 



\z. 



+ mv^A+A- + h.c. 



(B.16) 



where the covariant derivatives follow from equation ( p. 4]) 

DMt = d^'AT + iV^Ar 



(B.17) 



and analogously for As and ipB- 

The constraints can be solved to yield the doublet component fields de- 
pendence on A, ip, F. This has the generic structure (recall each chiral su- 
perfield, constrained or not, has the component field structure as defined in 
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equation ( pTTSj |70[ )) 






V^T 



F^ 



w^ I - — 
J^T\ee=o — 

1 d^ 
rra 

4 9^2 T 



dH^{A) 



dA^ 



i^' 



■ d I ■ ■ d^ 

dA^ 2^ ^ dA^dAJ 



H^{A), (B.18) 



and similarly for Hb and its components. In particular, we find that the 
constrained components of a are given by 



A. 



'-VtVb -v42 



IvtVb - A^ 



\vtVb - A? 



-.A-^ 



{A-ijy 



A-F-U-^-\ 



[B.19) 



In addition, the SU{2) x U{1) gauge transformations of the doublet super- 
fields will define the Killing vector superfields, ^4^(7?), in terms of the Gold- 
stone superfields, vr*, (in this notation we label Ay = A4, so that the index 
A runs over all the generator labels 1, 2, 3, 4 of SU{2) x f/(l) while index i 
runs over the broken generator labels 1, 2, 3 of SU{2) x f/(l)/f/(l) 



5Hj 



(-- 
^ 2 

dHr 



SH, 



B 



(+2 
dHB 



Ay + iA- T)Ht = iA^T^Ht 



^^^-A^AUvr) 



(977* 



Ay + iA ■ f)HB = iA^T^HB 



(B.20) 



Expanding in powers of 6, 6, the component field transformation equations 
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are secured 



iT^At 



iT^ipT 



iT^Ft 



OHtJA) 



^a(^) 



dHriA) dA'^iA) d^HriA) 
~dA^ dAi ^ dAWA' 



A\{A) i,^ 



dAi 2^ ^ dAWA^l 



dHrjA) 
dA^ 



^a(^) 



[B.21) 



and likewise for the components of Hb- The specific form of the KiUing 
vectors, A\, will be discussed in Appendix C. 

These relations now allow the component lagrangian Ck to be put into 



its manifest Kahler form [^. For example, the scalar field kinetic energy 
terms become 



dxAld^Ar + dxA^d^A 



A^ijt 



IB 



dH^ dH^ dH% dH% 



^^^ dA^i dA^ ' Mt* dA^ 
dxA^'gj.d^A^ 



d^A^ 



(B.22) 



where the Kahler manifold metric, gy, is given, as above, by the 66 indepen- 
dent component of the superfield Kahler metric 



9ii[T^,T^) 



-K{n, n). 



(B.23) 



dTc'^dn^ 

The simple super Kahler potential (ignoring the SUSY breaking terms and 
the gauge couplings) is K{n, vf) = HtHt + HbHb = 2{aa + ^ • vf), hence we 
find the component metric 

dAldAA 



9li 



2 \5i, + 
/ 



5ij + 



dA^' dAi 



A^'A^ 



\ 



(B.24) 



vtVb - A \J\vtVb - A^ j 
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The gauge invariant scalar field kinetic energy terms in equation ( |B.16| ) yield 
those in terms of the complex Goldstone boson fields 

L = dxAtpd^AT-iAlV^dxAT + idxAlV^AT 
+A!rVTxV^AT + {T^B) 
[D^Af gi^{DxA)\ (B.25) 

with the covariant derivative given by 

{D.Ay ^ d,A^ + V^A\. (B.26) 

The gauge fields have been combined in the notation V?^ with (we choose 
T^ = —\ and Tj = +| here) 

V^ = —giY^^ + g^W^-f 

V^ = +^g,Y'^ + g2m-f 

= V^^T^, (B.27) 

so that the generalized vector field becomes 

f g2Wi for A = i = 1, 2, 3 
V^ = { "^ B.28 

[ grY^ ioiA = A 

Analogously, each term in the constrained field lagrangian can be expressed 
in terms of the component fields. The lagrangian Ck becomes 

Ck = {D^Afg-^{DxAy+'-^'g,^{p^y 

-'-(Di^ygj^a.^P^ + D^JA 

+V2 {^'g,,A\X'' + X''A'A9-^J^^) + ^Rf,,! {ij"^') (V^V^^) 

+ (f + IfL {^"^r)) gi, [f^ + \ns {^'r)) • (B.29) 
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The ferinion covariant derivative, {D^ipY, is defined to be 



dA\ 



{D,^y = d,^^ + V^-^ij= + T),{D,Ay^lj^. 



dA^ 



(B.30) 



The non-zero connection F*^ is defined by 

rlHi 
T. 



ijk 



dH^{A^)d'^H!},{A) dH%{A^)d'^H%{A) 



dA^^ dA^OA^ 
dgik _ dgij 



dA^^ dA^dAJ 



dAi dA^ 



Ti 



ikji 



(B.31) 



with r*^ = g'-^Tijp., and correspondingly for the complex conjugate connection 
r*^ = g^'-g^. The Riemann curvature tensor, Rij^i, for the Kahler manifold 
is defined by R.-kf = gimRak with 



d 



^fjk - Qj^^j ik- 

d 



(B.32) 



Hence we find that 

RfjkT = f)Mj^^^^ ~ ^'jl^nik- (B.33) 

Finally the Killing potentials, J a-, are given by the 9, 9 independent com- 
ponent of the Goldstone superfield part of the Noether gauge current vector 
superfield [pil] 



Ja{x,9,9) 



HxTrp Ht + HsTn Hb 



=K 



d 



I V,- 



d 



A\iTl)^— + -A\iTl,^ 

2 ^^ 'dn' 2 ^^ 'dii 



Hj-Hx + HbHb 



[B.34) 



Thus the Killing potentials become 



Ja 



it rpA 



t rrA 



J(x, 0, 0) = A'tT^At + A\T^Ab 
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_1 (a^ _L^a^J_ 

2 [ ""dA^ ^Mt^ 



At At + aLa 



B^B 



-ilA 
-i A 



d 
d 



'dA^ 



A 
A 



d 



d 



AiA, + A^-A 



-vtVb - A^^J-vtVb -A^ + A^ -a 



A'A\-A'^A\+A'A\^ 



\vtVb - A'^^ ^.^ -. \I\vtVb - A^ 



\vtVb - A^ 



- J^^A\ 



\vtVb — A^'^ 



[B.35) 



Differentiating the superfield currents J a with respect to the Goldstone su- 
perfields, we find the superfield differential equations relating the Killing 
vectors and the Killing potentials (all superfields here) 

d 



_d_ 



■Ja 



■J A 






(B.36) 



39 



Appendix C Coordinates And 

Killing Vectors 

The SU(2) X f/(l) gauge transformations of the 2x2 matrix chiral superfield 

[/' = e^^^-^t/e-^^'^-, (C.l) 

induce general coordinate transformations of the Goldstone superfields used 
to parameterize the Kahler manifold. For the "sigma model" choice of coor- 
dinates in the body of the paper, 

U = al + 2if-7f, (C.2) 

the infinitesimal gauge transformations yield 

^vr^ = +AV-AV + AV + -Ay7r2 

Stt^ = +AV3 + AV - AV^ - ^AyTT^ 

Stt^ = -AV^ + A^TT^ + AV - ^Aya, (C.3) 

along with the constrained field's variation 

(5a = -A ■ 7f + -Ayvr^ (C.4) 

(This also could be obtained directly from the gauge transformations of Ht 
and Hb, equation ( [B.2CI|) .) Indeed, since a is a constrained field, detU = 
\vtVb, the Goldstone multiplets transform non-linearly upon substitution of 



a = J\vtVb — TT^ into equation ( |C3| ) and the a variation follows from their 
transformations applied to the constraint equation 
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The chiral superfield Killing vectors, A\{7t), define these non-linear trans- 



formations (here let A^ = |Ay) 



Sir' = A'^6a7t' = A^A\(7t). 



MV 



Thus we secure 



e'^^TT^ + Sla for A = a = 1,2,3 
^isk^k _ ^i for A = 4 



(C.5) 



(C.6) 



The Killing potential equation, ( p.36|) , is satisfied by A\. 

The "standard" coordinates are defined by the exponential representation 
of the 2x2 matrix chiral superfield U [^ 

■ sin Y ^^ 



U ^ fe'^^< = f 



with 



cos V^^ + 2iT-^ 



1 



det U = f = -vtVb 



(C.7) 



(C.8) 



and ^* the three Goldstone boson superfields. The transformation to the 
(T-model coordinates, vr*, follows from the equality of the respective represen- 
tations for U 

sin y^'^ 



IT 



fC- 



(C.9) 



The constraint equation equality, fcosyC,'^ = a = J^vtVb — t^"^, follows 
from equation (|C.2|) . Inverting the equation yields i^* as a function of vr* 



with 



p(7f 



arcsm ^/^ 

2\ _ MP 



J \ f2 



(CIO) 



(C.ll) 
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From simple geometry, note that sin y ^^ = Jj2-, so that the pa product is 
simply 

pa = /V^cotV^. (C.12) 

The non-linear gauge transformations of the standard coordinates are 

9e 



5C 



^^-5n= ^ K^P;{OA\{i/p) 



5'^ 






P^AiOp)- 



(C.13) 



Exploiting the coordinate transformations, ^* = p7i\ a = /cosy^^ and 
equation ( |C.12| ), the standard coordinate Killing vectors, X^(^), are secured 



6e^A^X\{0, 



(C.14) 



where p = y ^^ esc y ^^ ^^(1 

xm = p;{omip) 



-e""^^^ + ^ + f 5i - ^ ) V^^ cot y/^2 for A = a = 1, 2, 3 



(C.15) 



_^^zk^k _ £|1 _ r^i _ £!|1 W^2 cot Ve for A = A. 



5 



The simple Kahler potential can be written as 

K = Tt[UU] = fTi 



e-^C-^e^fT 



The Kahler manifold metric can be obtained from the potential 



9-ij{^,0 



The gauge invariant potential is given by 



(C.16) 



(C.17) 



(C.18) 
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The superfield Killing potentials, J"^, are the Noether gauge currents found 
from the auxiliary field D-term coupling in K 



r 



-2(72Tr 



UT^U 
UUT^' 



for A = a = 1, 2, 3 
for A = 4 



(C.19) 



As in appendix B, the Killing potential equations are valid by construction 

d 



_d_ 



■Ja 



■Ja 



iX^AQ-ji 



(C.20) 
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